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Abstract
As a result of the so(2, 1) treatment of the hypergeometric Natanzon
potentials a set of potentials related to a given one is determined. The
set arises as a result of the action of the so(2, 1) generators on the carrier
space of an irreducible representation.
1 Introduction
In [1] an so(2, 1) description of a given hypergeometric Natanzon [2] potential
VN was presented. The study of the discrete spectrum led to the result that
three parameters (called group parameters) are required to completely describe
the eigenstates. Two of these parameters correspond to labels of states in a
particular irreducible representation (irrep) of so(2, 1): the eigenvalues q of the
Casimir operator and m of the compact generator. The third parameter, p,
labels a particular set of so(2, 1) generators. It is found that in most cases there
is one eigenstate for each value of p and as a result different sets of so(2, 1)
generators, each for a given (allowed) value of p, are necessary to describe the
eigenfunctions of VN . It is unusual that all the eigenstates of VN belong to a
single irrep so that if attention is fixed in a particular irrep the states connected
by the so(2, 1) generators are, in the majority of cases, associated with different
Natanzon potentials. It is this fact that suggests the definition of a satellite
potential. The construction of the set of satellite potentials associated to VN
is the content of this paper. The term satellite potential is used in the present
paper as in [3].
The action of the so(2, 1) generators defines a set of potentials which
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share the property that the eigenstates connected by them have the same p
and q but correspond, in general, to different energy eigenvalues. If the energy
eigenvalues of the states connected by the so(2, 1) generators are the same the
following question naturally arises: are the so(2, 1) generators related to the
operators in supersymmetric quantum mechanics (SUSYQM) [4] This is not so
for the shape invariant potentials VS [5] considered in this paper, as is shown
below. It is also proven that the state reached by the action of the so(2, 1)
generators belongs to a Natanzon potential. This implies that the Natanzon
class of potentials is invariant under this algebra, a result different to the one
obtained in SUSYQM due to the fact that the SUSYQM operators may define
a potential that does not belong to the Natanzon class [8].
2 The so(2, 1) description of the hypergeometric
Natanzon potentials
A two variable realization of the algebra so(2, 1) is used with the generators
taken as
e±iφJ∓ = −
i (1 + z)
2
√
z
∂
∂φ
∓
√
z (z − 1)
z′
∂
∂r
+ (1)
(
∓
√
z (z − 1) z′′
2z′2
+
(z − 1) (±1 + p)
2
√
z
)
where z = z(r) and z′ = dz/dr.
The expressions (1) lead to the Casimir, Q = J0(J0 + 1)− J−J+,
Q = (z − 1)2
[
z
z′2
∂2
∂r2
+
1
4z
∂2
∂φ2
+
ip (1 + z)
2z (z − 1)
∂
∂φ
+ (2)
−p2 + 1
4z
+
z z′′′
2 z′3
− 3z z
′′2
4 z′4
]
The significant result that follows from (1, 2) is the appearance of the parameter
p in the explicit expression for the generators and the Casimir; this constant
distinguishes a particular set of so(2, 1) generators and plays a crucial role in
the so(2, 1) description of the Natanzon potentials.
The physical problem dealt with is the derivation of the discrete spec-
trum of the Hamiltonian and to this end the compact operator J0 is diagonalized;
the considered irreps of so(2, 1) are unitary and therefore infinite dimensional
and of these it is relevant the one bounded below (the D+ representation). In
this representation the eigenvalue m of the compact operator is given in terms
of the eigenvalue q of the Casimir and the counter ν = 0, 1, . . . as
m(ν) = ν +
1
2
+
1
2
√
4 q + 1 (3)
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With the above results the so(2, 1) description of the Schro¨dinger equation is
defined by (4), referred to as the master equation
G(r) (Q− q) Ψ(r, φ) = (E −H)Ψ(r, φ) (4)
where H is the Hamiltonian and q, E the eigenvalues of the Casimir and Hamil-
tonian, respectively. The function G(r) ensures that the coefficient of the second
derivative of Ψ(r, φ) are the same on both sides. From (4) it follows that in gen-
eral q could be a function of ν which also labels E; in spite of the fact that p
does not appear explicitly in (4) it could also depend on ν. Each eigenfunction
of the Casimir (equivalently of the Hamiltonian) has the form
Ψ(r, φ) = exp(im(ν)φ)g (5)
and is also an eigenfunction of the compact operator J0. The function g = g(r)
is determined solving the master equation.
The set of Natanzon hypergeometric potentials [2] is given by
VN =
f z2 − (h0 − h1 + f) z + h0 + 1
R
(6)
+
[
a+
a+ (c1 − c0) (2 z − 1)
z (z − 1) −
5∆
4R
] [
z (1− z)
R
]2
where (a, c0, c1, f, h0, h1) are the Natanzon parameters and z is a solution of the
differential equation
z(r)
′
= 2
z (1− z)√
R
; (7)
the other symbols that appear in (6, 7) are given by
τ = c1 − c0 − a, ∆ = τ2 − 4 a c0, R = a z2 + τz + c0 (8)
The so(2, 1) description of VN (r) is obtained after the explicit expression for the
Casimir (2) is put into a form similar to (6) after use of (7) and the coefficients
of the powers of z compared; this leads to
p(ν) +m(ν) =
√
−aE(ν) + f + 1 = α(ν)
p(ν)−m(ν) =
√
−c0E(ν) + h0+1 = β(ν) (9)√
4 q(ν) + 1 =
√
−c1E(ν) + h1 + 1 = δ(ν).
From (3, 9) p(ν), q(ν),m(ν) -called the group parameters- and E(ν) are deter-
mined for each value of ν thus fixing a particular so(2, 1) irrep and the energy
eigenvalue. This implies that each eigenfunction belongs to the carrier space of
an so(2, 1) which depends on p see (2) and hence may depend on ν as follows
from (9). From now on p(ν), q(ν) and m(ν) are written p, q and m. The carrier
space of a specific irrep is given by
Ψpqm(r, φ) = exp(imφ)Φpqm(r) (10)
where
3
Φpqm(r) =
Kz β(ν)/2 (1− z) δ(ν)/2R1/42F1(−ν, α(ν)− ν; 1 + β(ν); z). (11)
where K is a normalization constant. The energy spectrum is obtained from
α(ν) − β(ν) − δ(ν) = 2ν + 1. (12)
3 Satellite potentials
In this Section the possibilities allowed by (9) for fixed values of the group
parameters (p, q) are presented. The study of this situation leads to the con-
struction of the satellite potentials. The action of the so(2, 1) generators on (11)
is the following
J−Ψpqm =
ν (α(ν) − ν − 1− β(ν))
1 + β(ν)
Ψpqm−1 (13)
J+Ψpqm = −β(ν)Ψpqm+1
which follow from [7]
2F1(a + 1, b + 1, c + 1; z) =
− 1
zb(z − 1)a [c(c− 1)2F1(a− 1, b, c− 1; z)− c(zb− c+ 1)2F1(a, b, c; z)] (14)
and
2F1(a − 1, b, c− 1; z) =
− 1
(c− 1) [(b − c+ 1)2F1(a, b, c; z)− b(z − 1)2F1(a, b + 1, c; z)] (15)
It follows from (13) that the action of the so(2, 1) generators on an
eigenfunction of a given Natanzon potential gives an eigenfuncion of a different
Natanzon potential . In fact, from (13) the same z is present so that a, c0, c1
are unchanged. The other three Natanzon parameters f1, h01, h11 depend on ν
after (13) and (9) are determined by
α1(ν ± 1) = α(ν) ± 1, β1(ν ± 1) = β(ν) ∓ 1, δ1(ν ± 1) = δ(ν) (16)
where α1(ν), β1(ν), δ1(ν) follow from (9) by f → f1, h0 → h01, h1 → h11. Thus
the complete set of Natanzon parameters is determined for the new potential
which shows that the Natanzon class is invariant under the action of the so(2, 1)
generators. Nevertheless the energy eigenvalue E1(ν) is undetermined since (12)
is a linear combination of (9). The fact that one of the four quantities (f , h0,
h1, E(ν)) is arbitrary can be used to fix the energy of the ground state.
The potentials to which the eigenfunctions with m± 1 are associated
will be called satellite to the one related to the eigenfunction labeled by m. The
common feature to all these potentials is that the values of both p and q remain
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unchanged. It is natural to ask, how many satellite potentials are associated
to a given one? Different eigenfunctions of a given Natanzon potential do not
necessarily belong to the same so(2, 1) irrep and therefore for each such function
a certain number of satellite potentials is determined. Fix the attention in one
eigenfunction. It belongs at the same time to the set of eigenfunctions of VN
and to the so(2, 1) irrep. Recall that ν labels the place of Φpqm(r) on the irrep
and call λ the label of its place in the set of eigenfunctions of VN . The above
description assigns a set of values of (p, q,m) in each case and both sets must
coincide, that is
p(ν) = p(λ), q(ν) = q(λ),m(ν) = m(λ) (17)
which imply
λ = ν (18)
so that the numerical value of both labels coincide on the irrep. Therefore, the
action of J+ increase both ν and λ and if there is a maximum value of λ for a
given potential a finite number of satellite potentials will be constructed. The
maximum value λ depends on whether the r →∞ limit is finite or not for each
of the satellite potentials.
To complete the answer consider a Natanzon potential VN one of whose
eigenfunctions, Ψν0λ0=ν0 , is in the (p, q) irrep; its place in the set of eigenfunctions
is λ = λ0 and the one in the irrep is ν = ν0. The reason for introducing both ν
and λ (which may seem redundant because for this particular function their nu-
merical values coincide) is that, as shown above, the Natanzon parameters of the
satellite to VN depend on those for VN in a way determined by (16); therefore,
these parameters may (and in fact will) be functions of ν. Thus, displacement
along the irrep produces sets of Natanzon parameters that change with ν in
such a way that their numerical values coincide with those for VN when ν = ν0
and those for the satellite when ν = ν0 ± 1. Moving from one eigenfunction
of VN to another keeps ν0 fixed since in this case the Natanzon parameters do
not change. The question now is the following: if Ψν0λ0=ν0 and Ψ
ν0+1
λ0+1=ν0+1
are
in the same irrep, does the same occurs for Ψν0λ0+1 and Ψ
ν0+1
λ0+2
? To answer this
question the system (9, 3) is studied taking the Natanzon parameters for ν = ν0
and ν = ν0 + 1, replacing ν by λ and comparing the values of p and q obtained
for λ = λ0 + 1 (for ν0) and λ = λ0 + 2 (for ν0 + 1). It turns out that in general
these values are not the same, the analysis described above has to be repeated
for each eigenfunction and a new set of satellite potentials is thus determined.
4 Particular cases
The results that follow include the set of Natanzon parameters for the potential
and its supersymmetric partner and the rule that generates the parameters
for the satellite potentials. It has been found that for the six cases studied
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the satellite potentials do not coincide with the SUSY partner. A detailed
study along the lines presented in this paper has been performed for the Eckart
potential in [6]; where it is shown that the satellite potential does not coincide
with the supersymmetric partner.
1. The Po¨schl-Teller II potential in the notation of [9] is
VPT2 = (A−B)2 −A (A+ α) sech(α r)2 +B (B − α) csch(α r)2. (19)
The Natanzon parameters
a = 0, c0 = 0, c1 = α
−2,
f =
(2A− α) (2A+ 3α)
4α2
,
h0 =
(2B + α) (2B − 3α)
4α2
, (20)
h1 =
(A−B + α) (A−B − α)
α2
reproduce VPT2 with z = tanh(α r)
2 replaced in (6). From (9) the group pa-
rameters are
p =
A+B
2α
, q =
(A−B − 2 ν α)2 − α2
4α2
, m =
A−B + α
2α
. (21)
and again from (9)
α(ν) =
α+ 2A
2α
, β(ν) = − −2B + α
2α
, δ(ν) = −2 ν α−A+B
α
(22)
The energy spectrum is obtained from (12) and (22) as
E(ν) = −4αν (ν α−A+B) (23)
After use of (16), the action of J+ leads to
α1(ν + 1) =
2A+ 3α
2α
, β1(ν + 1) =
2B − 3α
2α
, δ1(ν + 1) = 2 ν +
B −A
α
;
(24)
calling (AS , BS) the parameters of the potential in (22) and equate the result
with the values in (24) to obtain
AS = A+ α, BS = B − α (25)
The energy spectrum for the satellite potential follows from (12)
ES(ν + 1) = E(ν) + h1S α
2 + α2 + 2AB −B2 −A2 (26)
with h1S arbitrary; if the condition that the energy vanishes for ν = 0 is imposed,
then
h1S =
(−A+B − α) (α+B −A)
α2
. (27)
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which leads to ES(ν + 1) = E(ν). Notice that, from (25), it follows that the
change in the parameters does not coincide with the one found in SUSYQM to
relate a potential with its supersymmetrtic partner [9]. The chain of satellite
potentials is, thus, different from the chain of supersymmetric partners. Since
the choice (27) produces equal values of the energy for both the potential and
it satellite it is natural to compare this result with the one obtained in the
potential algebra of [10] which consider the case B = 0 and no constant term.
The change (25) take the value ofB to −α and therefore to a completely different
Po¨schl-Teller potential; the conclusion is that the set of satellite potentials is
different to the set of potentials obtained with the potential algebra.
2. The Rosen-Morse potential
VRM = A
2 +
B2
A2
+ 2B tanh(α r)−A (A+ α) sech(α r)2 (28)
is obtained from (6) with the Natanzon parameters
a = 0, c0 = c1 = 1/α
2
f = 4
A (A+ α)
α2
,
h0 =
(
−B +Aα+A2
) (
−B −Aα +A2
)
α2A2
, (29)
h1 =
(
B +Aα+A2
) (
B −Aα+A2)
α2A2
with z = 1/2 + tanh(αr)/2. The group parameters are found to be
p =
2A
α
−m+ 1,
q = (ν + 1−m) (ν −m), (30)
m =
−A2 + ν α2 −Aα −B + ν2α2
2 (ν α−A)α
From (9, 30) it follows
α(ν) =
2A+ α
α
,
β(ν) =
ν2α2 − 2 ν αA+A2 −B
(A− ν α)α , (31)
δ(ν) =
A2 +B + ν2α2 − 2 ν αA
(A− ν α)α
and from (12) the energy spectrum is given by
E(ν) = A2 − (A− ν α)2 + B
2
A2
− B
2
(A− ν α)2
(32)
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For the satellite potential it is found from (12)
α1(ν + 1) = 2
A+ α
α
,
β1(ν + 1) = −
A− ν α
α
− 1 + B
(A− ν α)α, (33)
δ1(ν + 1) = −
A− ν α
α
− B
(A− ν α)α
Setting (AS , BS , pS , qS) instead of (A,B, p, q) in (30) with ν → ν + 1 and re-
quiring that p(ν) = pS(ν + 1), q(ν) = qS(ν + 1) it is found
AS = A+ α/2, BS = −
(2 ν α+ α− 2A) (ν α2 −Aα− 2B)
4ν α−A (34)
The energy of the satellite is found to be
ES(ν + 1) = E(ν) + (h1S − h1) α2 (35)
with obvious meaning for h1S . The same comment made for the previous ex-
ample are valid here.
The conclusion that follows from the above examples is that the chain
of potentials defined by the action of the so(2, 1) generators is different from
the one defined by the action of the SUSYQM operators and of the potential
algebra.
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